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(1) State and prove the Bolzano Weierstrass theorem for R" (for n > 1).
(244 = 6 marks)

(2) Let n > 1 be an integer. Consider the three metrics on R™, the I}, [?
and [*® metrics. Prove that the topologies on R™ induced by these
three metrics are the same. (10 marks)

(3) True or False (give reasons):

(a) Q (with the standard metric) is connected. (3 marks)

(b) Any linear map f : R® — R is uniformly continuous. (3
marks)

(¢) Any real valued contnuous function on a compact metric space
has a maximum and a minimum. (3 marks)

(d) A continuous map from a compact metric space to any metric
space is uniformly continuous. (3 marks)

(4) Define f : R? — R by f(z,y) = \/‘132:[{‘,-7 if (z,y) # (0,0), and
f(0,0) = 0. Is f continuous at all points of R?? Is f differentiable
at all points of R?? Does f have directional derivatives at (0,0) in
every direction? Justify all your answers. (3+344=10 marks)

(5) Let f:R™ — R™ be a differentiable map. Define g : R — R"™™ to
be the map g(z1,- -+ ,xn) = (X1, -, Zpn, f(21,-++ ,25)). What is the
derivative of g in terms of the derivative of f7 Justify your answer.
(6 marks)

(6) Let E C R™ be an open subset, and let f : E — R be a real valued
function such that all the partial derivatives of f are bounded in E.
Prove that f is continuous in E. (6 marks)




